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Mirror Symmetry

Mirror Symmetry Conjectures. Given a smooth compact Calabi-Yau
manifold X of dimension n, there should be a mirror Calabi-Yau of
same dimension X such that :

(Homological Mirror Symmetry) Fuk(X) ~ D°Coh(X)

AN

(Topological Mirror Symmetry test) h?9(X) = A" P4(X)
How to find the mirror 7

Strominger-Yau-Zaslow congecture. A Calabi-Yau X should admit
a fibration structure by special Lagrangian tori. Then X is con-
structed by dualizing the fibers, in the sense of abelian varieties.

Moduli spaces of SL,,/PGL,, Higgs bundles provided one of the first

Moduli of Higgs bundles

Let C be a smooth projective curve of genus g over a base scheme S. Let GG be
a reductive group. Let D € Pic(C/S).

A G—Higgs bundle is a pair (P, ¢) where
P is a principal G—bundle over C.
¢ is a global section of Ad(P) ® O (D).

Hitchin fibration

har, - MG — A= @ H(C, O¢(iD))
(E,9) > Xchar(9)
a € A+— degree nmap ™ : C' — C called spectral curve.

known examples to verify (a modified version of) SYZ conjecture.

, , , , If C" is smooth, BNR correspondence states :
Do they also satisfy a (modified) topological mirror symmetry test ?

1 (a) ~ Picdl(C’) d =d— deg Dn(n _ 1>.
Let M = | X/T] be an orbifold, with I" a finite abelian group. GLn
Let x € X7. The eigenvalues of v on T X are denoted {£°1, ..., £}
where 0 < ¢; < |I'|. Then the fermionic shift at z is Fi(y) =Y, &

Tn
The stringy E-polynomial is

For SL,, and PGL,,, smooth Hitchin fibres are torsors under dual abelian
varieties called Prym varieties.
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L (a) >~ Prymd| = {L' € Pic?(C") | det(m,L') = L}

Eq(M)=>" BE(XN" (w)F).
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pGL, (@) ™ PrymE/Gl_n = Picel(C/)/ﬂ*PicO(C)

A Non-Archimedean Topological Mirror Symmetry

MSLan semi-stable Higgs bundles (E, ¢) of determinant L € Pic®(C) with tr ¢ = 0.

IgGLn: semi-stable PGL,,—Higgs bundles of degree e.

Mmirror

Let the base scheme be S = Spec O a p—adic ring, D = Kz or D > K. Then,
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The proof uses that (MSLLn’ ozel) and ( PGL, " oz?l\/,) verify a form of SYZ conjecture. The

torsor structure on one side is controlled by the gerbe on the other side.
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The coprime case Interpretations in the non-coprime case

Let (d,n) = (e,n) = 1.
x For deg D > 2g — 2,
ME s smooth, fo = 1. .
>Ln MSLL is singular, ./\/lél’_mg smooth,
Mg, = Mg /T has finite quotient singularities. K "
Using results by Maulik and Shen [3] we get
x Get an equality of (twisted) finite fields counts for the residue

field kp of F. Let n be an odd prime. For C, D, L defined over kg, the residue field
with ¢ elements of a p—adic ring Op,
ﬂMCle (kp)=1t_, «MpgL (kr) — dim ML
i St,Q&N w /ML fa Lean = 1m SLp, tr(FrOb | ]HC(MSLLn,kF’ @f))

(Op)?
Equivalent to : S

d x For D = K, we conjecture an interpretation in terms of BPS cohomology.
tr(Frob | H'(M4, 1, Qe)) = te(Frob | HIy(Mc, 1, ) c e con P gy

x Using it for infinitely many kg, get an equality of stringy
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